A fundamental task in quantum information science is to transfer an unknown state from particle A to particle B (often in remote space locations) by using a bipartite quantum operation E AB . We suggest the power of E AB for quantum state transfer (QST) to be the maximal average probability of QST over the initial states of particle B and the identifications of the state vectors between A and B. We find the QST power of a bipartite quantum operations satisfies four desired properties between two d-dimensional Hilbert spaces. When A and B are qubits, the analytical expressions of the QST power is given. In particular, we obtain the exact results of the QST power for a general two-qubit unitary transformation.
I. INTRODUCTION
A fundamental task in quantum information science is to transfer an unknown internal quantum state of a particle from one location A to another location B. A direct method is to mechanically move the particle from A to B while keeping the internal state invariant. A more sophisticated way is quantum state teleportation [1] , where the unknown state is teleported with the aid of a pair of particles in a Bell state and 2 bits of classical communications. The third way is to transfer the state via a two-particle quantum operation E AB , which can be realized by linking two nodes A and B to a quantum network, e.g., a quantum wire (a one-dimensional chain of particles with interactions) [2] [3] [4] . Here the node A, located in A, is the particle with the unknown state to be transferred, and the node B, located in B, is the particle as the state receiver.
The aim of Refs. [3] [4] [5] [6] [7] [8] [9] is to achieve perfect quantum state transfer by optimizing the quantum network. In addition, the capacity of quantum state transfer to characterize the non-locality of a bipartite unitary transformation is studied in Refs. [10, 11] . Here we will solve another related question: For a given two-particle quantum operation E AB , what is the maximal average probability for quantum state transfer? This maximal probability reflects the power of quantum state transfer of the bipartite operation E AB .
The approach we will adopt is similar to that in the power of entanglement generation for a local unitary gate [12] [13] [14] . Here we want to emphasize that the bipartite quantum operations, including non-unitary gates, are necessary to be considered for quantum state transfer.
The article is organized as follows. In Sec. II, we introduce the basic formula of the power of quantum state transfer, and four basic properties for the QST power are proved. In Sec. III, we give the analytical results of twoqubit operations. In particular, an exact result of the QST power for any two-qubit unitary transformation is given. Finally we present some discussions and a brief summary.
II. GENERAL RESULTS

A. The power of QST
In this section, we will give a proper quantity to measure the power of QST for a bipartite quantum operation.
We consider two particles A and B, whose Hilbert space is
In other words, particles A and B are two qudits. Initially particle A is prepared in an unknown state |ψ A , and particle B is in some given state |ξ B . For convenience, we take |ψ A = R|0 A with |0 A being any given state and R ∈ SU (d). In general, there are many choices of R for given |ψ A and |0 A , which does not affect the following formulations. After performing a bipartite quantum operation E AB , we need to estimate to which degree the unknown state |ψ A being transferred to partilce B. This process of QST is depicted in Fig. 1 .
The process of quantum state transfer using a bipartite quantum operation E AB . We maximize the probability of QST over particle B's initial states |ξ B and the unitary transformations S B .
For a given bipartite quantum operations, we may improve the QST by controlling two elements. On one hand, the QST power of E AB depends on the input state of particle B |ξ B . We can improve the QST by preparing particle B in a suitable initial state. On the other hand, To give a measure to characterize the power of QST for E AB , we need to optimize over |ξ B and S B . Therefore the QST power for a quantum operation E AB is defined as
(1) where
B |, R and S are the local quantum operations corresponding to the unitary transformations R and S, and dµ (R) being the Haar measure on SU (d). Because the Harr measure is right-invariant, the power of QST is independent of the choice of |0 . Since we have no reasons to give different probabilities to two sets of states connecting by a unitary transformation in the average over the unknown states, the Harr measure is a natural choice for the average.
For a given initial state R A |0 ⊗ |ξ B and a given identification between H A and H B specified by S B , P (R; E AB ; S B , |ξ B is the probability of QST for the state R|0 by E AB . Further more, the power of QST for E AB is the maximal average probability for particle B in the unkown state after the action of E AB .
B. Properties of the QST power
In the above subsection, we give a definition of the QST power for a bipartite quantum operation, and give its physical interpretation. Here we will prove that the QST power P QST E AB has the following desired properties. Property (i). The QST power is invariant under local unitary transformations.
Let
local unitary transformations, and let X
A , Y B , U A , V B be the corresponding local quantum operations. Then
where we have used Eq. (A2) in the third line of the above equation.
Property (i) shows the power of a bipartite quantum operation characterizes its nonlocal property [14] .
Property (ii). The range of the QST power is in the period
This can be proved as follows. Because
However,
In the second line, we used the lemma (A3). This result contradicts with the above inequality. Therefore
AB . Notice that the lower bound 1/d is the same as in the case of transferring a classical discrete variable with d different states.
Property (iii). The QST power of a local operation
In the fifth line of the above equation, we use the lemma (A3). As expected, a local operation has the lowest power in transferring an unknown state.
Property (iv). The QST power of the swapping gate SW AP AB is 1.
This result is reasonable because the unknown state is swapped, i.e., perfectly transferred.
III. ANALYTICAL RESULTS OF THE QUBIT CASE
Since the QST power is defined as an optimization problem over a state and a unitary transformation in a d-dimensional Hilbert space, the explicit calculations of the QST power of E AB when A and B are two qudits, in general, are complex. In this section, we will give an analytical result on the QST power for an arbitrary twoqubit quantum operation E AB , which makes the numerical calculation of the QST power becomes accessible. In particular, we further obtain the exact result of the QST power for any two-qubit unitary transformation.
For the qubit case, let P 0 = I+σz 2 . ∀R ∈ SU (2), we can find a coordinate frame { R x , R y , R z } to characterize it. The base vector of the coordinate frame is defined by Rσ n R † = R n · σ. Then the component of the bases
. The initial state of particle
, where T is the Bloch vector for the state |ξ B . The QST power of E AB is
where
, and {S n } is the basis vectors of the coordinate frame defined by the unitary transformation S.
To derive Eq. (5), we used the following Harr average values on SU (2):
whose detailed proofs are given in the appendix B. Let us demonstrate the power of Eq. (5) with calculating the QST power of the CNOT gate. A direct calculation gives
It is worthy to point out that Eq. (5) can be used as the foundation for numerical calculations of the QST power for arbitrary two-qubit quantum operation. For example, it may find applications in the process of QST along a quantum wire [3] [4] [5] .
A. Exact result on QST power for arbitrary two-qubit unitary transformations
In this subsection, we will apply Eq. (5) to the case when E AB is a two-qubit unitary transformation. In this case, the exact result of the QST power will be obtained.
First notice that a general unitary transformation for two qubits can be written as
where [13, 15] . Because the QST power is invariant under local unitary transformations, it is sufficient to study the unitary transformation U AB d . Through a complex but direct calculation, we arrives at
. Therefore we only need to study the case when d z ≥ 0.
We obtain the exact result on the maximization of f :
The proof of Eq. (6) can be found in the appendix C. Therefore the power of a two-qubit unitary transformation is
A remarkable feature in the QST power of U AB is that it is independent of the parameter d z . For the CNOT gate, d x = π/2 and d y = d z = 0, so its QST power is 2/3, which is the same as calculated above. To make a perfect QST, we require that d x = d y = π/2. To make the QST power lowest, we get d x = d y = 0, where U AB becomes a local unitary transformation.
IV. DISCUSSIONS AND SUMMARY
In Refs. [10, 11] , the nonlocal properties of a bipartite gate are classified according their capacities in transmitting classical or quantum bits of information. Here we suggest the QST power to characterize the capacity to transmit quantum state. In parallel, our method can be generalized to classical state transfer or quantum state swapping.
Technically, we prove that the QST power of a local bipartite quantum operation is 1/d. However we don't know whether the QST power of a bipartite quantum operation is 1/d implies that the bipartite quantum operation is local. In addition, we give a lengthy proof of the maximization, Eq. (6), in Appendix C. Does there exist some simpler proof of Eq. (6)?
In summary, we suggest the QST power of a bipartite quantum operation as the maximal average probability of QST using the bipartite quantum operation. Four basic properties of the QST power of a bipartite quantum operation are proved. Then we obtain the analytical result of the QST power for any two-qubit quantum operation, which may be used as the foundation for numerical calculations of the QST power. The exact result of the QST power for arbitrary two-qubit unitary transformation is obtained. We hope that our work present an alternative method to characterize the non-locality of a bipartite quantum operation. Notice that the Harr measure satisfies two useful properties [16] :
i) It is normalized.
ii) It is left-invariant and right-invariant. ∀S ∈ SU (d),
(A2) Lemma 1. ∀|0 ∈ H and R ∈ SU (d), we have
This can be proved as follows. Firstly we take a complete normal orthogonal bases of H, denoted as {|n , n ∈ {0, 1, · · · , d − 1}}. Because ∀n there exists a unitary transformation S n such that |n = S n |0 , Eq.
Appendix B: Harr average on SU (2) Proposition 1. ∀m, n ∈ {x, y, z}, we have We can prove the above result by a direct calculation. Here we present an alternative approach as follows.
∀m ∈ {x, y, z}, ∃n = m, 
